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ABSTRACT AND INTRODUCTIONA.

The program discussed in this report was developed at the
Civil Engineering Systems Laboratory, M.I.T. for application to
the analysis of several problems in highway engineering. The
nature of the analytical methods and of the specifications of
the program allow for broad application to other subjects.

The program is used to analyze the structure of a linear
graph, or topological one-complex, as it is also termed. Such

vertices, anda graph consists of just two types of elements:
non-directed links connecting specified pairs of vertices. The
input to this program is the matrix description of the graph.
According to a criterion derived from assumptions about the
graph structure and its information-theoretic properties, the
set of vertices can be divided into two or more subsidiary sets
of vertices, called subsets, so that each subset still has an

The program performs such a partition onassociated graph.
the input set of vertices, and then in turn partitions the re-

This process is repeated, successivly decom-sulting sets.
posing the original vertex set into smaller and smaller subsets.
until it has been completely decomposed into its constituent

vertices.
The set of sets which results from the successive parti

tions is ordered naturally as a "tree." This tree specifies
the order in which the subsets can be recombined to produce

In the application for which this programthe original graph.

3



Il
was developed, the vertices of the graph represent the require-

The tree defined by the program’sments of a design problem.
output specifies an order in which the designer should consider

design.
This report describes the program, the algorithms upon

which it is based, operational procedures, and certain possible

modifications.

4

the requirements he tries to meet in the process of evolving a



APPLICATION OF THE PROGRAMB.

This program was developed for use in the analysis of
certain types of design problems, according to the theory put
forward by Christopher Alexander, in "NOTES ON THE SYNTHESIS
OF FORM" (Ph.D. thesis, Harvard University, 1962). The theory
has been applied to two highway engineering problems: the
design of a highway interchange, and the selection of a loca-

All design problems contain two kinds of element:
(1) Requirements
(2) Interactions between requirements.

Th© requirements which the design has to meet are represented
The purpose of the design process isas vertices of a graph.

to select a design (in the case of our examples, for a highway
The diffi

culty of achieving a design which satisfies such a list of re
quirements is due to the fact that requirements conflict with

some requirements place demands upon the designone another:
which are contradictory to the demands of other requirements.
The presence of these interactions between pairs of requirements
in a specific design program is represented by links between

Thethe vertices corresponding to the particular requirements.
set of vertices, and the set of links together define a graph;

5

♦See the reports on these projects by Alexander and Manheim, 
also issued by the Civil Engineering Systems Laboratory, M.I.T.: 
THE DESIGN OF HIGHWAY INTERCHANGES: AN EXAMPLE OF A GENERAL METHOD 
FOR ANALYSING ENGINEERING DESIGN PROBLEMS, and THE USE OF DIAGRAMS 
IN HIGHWAY ROUTE LOCATION: AN EXPERIMENT.

or an interchange) which fulfills these requirements.

tion for a highway.♦



Figure 1

EXAMPLE OF A GRAPH AND ITS TREE
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1
that graph, by virtue of the correspondence between vertices and
requirements, and the correspondence between links and interactions

i
of requirements,represents, for the purpose of this analysis, the
structure of the design problem.

The input to the program is a graph; the output is a tree,
a hierarchical ordering of the graph’s vertex set and its parti-

Because of the correspondence between the graphtioned subsets.
and the problem, the tree which is obtained by the program pro
vides an orderly scheme for dealing with the requirements posed

The tree specifies which requirementsby a particular problem.
are to be considered together and the order in which different
groups of requirements are to be combined and considered. See
Figure 1.

7
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MACHINE SPECIFICATIONC.

This program has been debugged and run on an IBM 709 at
This machine uses 36-bit words,the M.I.T. Computation Center.

has a memory capacity of 32,767 words, and has three index
The program is designed to be executed under theregisters.

control of the Fortran Monitor System in use at the Center
during the second half of 1961. For information as to pecu
liarities of the M.I.T. installation which might prove critical
in running this program on another machine, see further the
M.I.T. Computation Center Procedures Handbook, 1961.

The program has also been used for production runs on an
IBM 7090 at the Smithsonian Astrophysical Observatory, Cam-

No changesbridge, under the control of an M.I.T. system tape.
in the program were required.

It is not possible to give a rule for estimating the
running time required for any specific analysis.

8
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II. DESCRIPTION OF THE PROGRAM
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This description is divided into three major sections.

The first describes the operational structure of the program,

comprising a package of subprograms with specific functions.as
This serves as an introduction to the dictionary of subprograms

The second section of the description discussesin Appendix B.
The third section ofthe machine representation of a graph.

the description discusses the body of the program, the algor
ithms actually used in the analysis of graphs. These algorithms

gram listing, included as Appendix G of the report.

13

are discussed in sufficient detail to introduce the actual pro-



A GENERAL DESCRIPTION

The pi'ograra consists of three groups of subprograms. The
first, or Preliminary, group prepares for the execution of
other subprograms by reading in several parameters, generating
other standard parameters, and setting variables which control
the execution of particular loops in other subprograms. This

INPAR, GENER, SET8, SET9, andgroup has five subprograms:
SET11.

The second, or Data, group of subprograms is concerned
with reading in the binary data matrix (representing the graph
to be analyzed), and putting it in appropriate form for the

Several different operations are performed by thisanalysis.
INDAT reads in the data as it is punched onset of programs:

cards, CNDAT converts the inputted data from its input form
into the format in which the other subprograms can operate
upon it, and SYMET checks the data for inconsistencies which
may arise in the pre-computer preparation of the data. With
the results of the Preliminary and Data groups of subprograms,
the analysis proper can be begun.

The group of subprograms which actually performs the
analysis of the graph consists of seven programs actually in
volved in the analysis, and six which print out the results

LCTRL is the major control program for theand comments.
Analysis group; it controls the course of the partitioning
iterations, the manner of storage of the results, and the
selection of one of two sequences of subprograms.

14



Figure 2

GROUPING OF SUBPROGRAMS

Called in this order:

PRELIMINARY

Called in this order:

DATA

ANALYSIS

OUT PUT

15

REFERENCE

operations
COUNT - COUNTs the number of one's in a machine word 
CONVT - Reference table for CNDAT - CONVerT

PTCLR
PTLGR

(MAIN) - Controls calling sequence of Preliminarv 
and Data subprograms

INDAT - Read IN DATa
CNDAT - CoNdense DATa format
SYMET - Check data for SYMmETry of relation matrix

INPAR - INputs control PARameters
GENER - GENERates auxiliary parameters and standard 

working tables
SET8, SET9, SETH - SET variables in LCTRL, LGRMN, 

and REDUC to appropriate parameter values

Print out selected comments - PrinT LeVeL, 
PRtnT IN, PrinT OUT

Prints out results of SMRMN - PrinT CLeaR
Prints out results of LGRMN - PrinT LGRmn

PTMAT- PrinTs out MATrix

PTLVL)
PRTIN >
PTOUTJ

LCTRL - Control subprogram for graphs over order 36 - 
Large ConTRoL

LGRMN - Partitions graphs of over order 36 - LarGe RMN
SCTRL - Control subprogram for graphs of order 36 or 

less - Small ConTRoL
SMRMN - Partitions graphs of order 36 or less -

SMal1 RMN
REDUC - Prepares data for operation by SCTRL and

SMRMN - REDUCe
SIMPL - Performs special functions in analysis of 

graphs of 36 or less - SIMPLex
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If the subgraph is of order greater than 36, then LCTRL
If the order of thecalls LGRMN to perform the partitioning.

subgraph is 36 or less, then LCTRL selects the second analysis
In this case, the faster subprogram SMRMN is used tosequence.

partition these smaller graphs, under the control of SCTRL, to

which the program control is passed from LCTRL via REDUC. REDUC

is necessary to change the format of the data from that corres-

NTRSC* and SIMPL are called by the partitioning subsmall er.

program SMRMN under certain special conditions (Cf. Section 3»

Control algorithms.). In this sequence, SCTRL performs the
control functions similar to LCTRL, and SMRMN performs the
actual analysis, analogous to LGRMN.

These three major groups of subprograms are illustrated in
Figure 2, together with the output or printing subprograms.
The sequence of the Preliminary and Data groups is as indicated

The more complex control ofin this Figure, and in Figure 3»
the Analysis and Output programs is flowcharted in Figure 4.I

Not operational in December, 1961.* Not shown in Figure 2.

18
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ponding to a subgraph of order greater than 36 to that of one
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B. MACHINE REPRESENTATION

Every graph which contains n vertices is in one-one

correspondence with a binary square matrix of order n, in which

the i-th row and the i-th column both stand for the i-th vertex

A one (1) in the ij-th cell of the matrix standsof the graph.

for a link between vertex i and vertex j, and a 0 in the ij-th

cell indicates that there is no link between vertices i and j.

The principal diagonal of the matrix contains zeros, since no

vertex is linked to itself. The links are non-directional,

the matrix is symmetrical about the main diagonal (that is.so

the entry in the ij-th cell is the same as the entry in the
ji-th cell).

Each row of the matrix is a n-bit binary vector, whose
1’s specify the vertices from which there is a link incident

Since the IBM 709 and
7090 have a word length of 3& bits, a single computer word is
capable of describing one row of any binary matrix whose order

Hence, for a graph which contains 36 verticesis less than 37.

or less, an array of 36 words describes the graph completely.

Cf. Figure 5.

For a graph which contains more than 36 variables, more
than one word is necessary for the description of one matrix
row, and a correspondingly larger array, in which blocks of
words stand for single rows, is needed to describe the graph
completely.

19

on the vertex corresponding to the row.



Figure 5

EXAMPLE OF A GRAPH ANO ITS MATRIX REPRESENTATION
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Figure 6
machine representation of a graph and its subgraphs
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Similarly, when it comes to partitioning the graph, machine
words (binary vectors) can be used to describe any given parti-

A partition divides the vertex set of a given graph intotion.
If the number of subsets is precisely twotwo or more subsets.

iquely specified by either of the two subsets, since the other
subset is its complement with respect to the set being parti-

An n-bit binary vector, with I's indicating the presencetioned.
of a vertex, and 0’s indicating the absence of a vertex, can

represent any such set. Again, if the number of vertices in

machine word is necessary to describe it. If the number of ver

tices in the set is greater than 36, several words per set are

Cf. Figure 6.necessary.
For the sake of computational simplicity, the number of

words used is always integral. As a result, the squareness of
the matrix means that the matrix storage always contains inte
gral multiples of 36 words. Thus, if the matrix is of order
50, two words per matrix row are used, the last 22 entries in
these vectors simply become zeros for the duration of the pro
gram, and of the (?2).(2) = 144 words, the last (22). (2) = 44

This is illustrated in Figure 6.are entirely zero.
Secondly, again for computational simplicity, and to save

computer time, a distinction is made between cases which can

22

♦Except for operations with NTRSC and its associated sub
programs. Cf. Section 3» Control algorithms.

(as it is throughout the program*), then the partition is un-

the set being partitioned is not greater than 36, only one



be dealt with by a single word (i.e. those where the graph contains
36 vertices or less, so that the order of the vectors required is
36

Two different sequences of subprograms are used to dealwords.
with these two cases and transfer control back and forth between
them, as described above.

Finally, to make the use of index registers and indirect
addressing as simple as possible, all sequences of stored in
formation are stored backwards, from their symbolic address.

23

-

1 'u

or less), and those cases which cannot be dealt with by single



DESCRIPTION OF ANALYSIS ALGORITHMSC.

The algorithms upon which the analysis subprograms are based

can be divided into three groups:

criterion- the computation of the measure by which the1.

sampling- the selection of possible partitions to be eval-2.

uated

control- allocation and record-keeping with regard to stor-3.
age of partition results; decisions about sequence of partition
ing, when to stop partitioning, and printing out of results.

The criterion for selecting an optimal partition1.
The particular criterion upon which this program is based

is derived from information - theoretic considerations. The pur
pose of the criterion is to select one particular decomposition
of a graph as best. To discuss the particular criterion, it is
necessary to define the basis upon which links are determined.

We assume that each link of the graph represents a statis
tical correlation between the variables associated with its end
points (end-vertices). It follows, from considerations of in
formation theory, that the information transmitted from one
subset to the other can be used as a criterion for an optimal

As shown in Appendix E, it is desired to obtain apartition.
partition of the graph’s vertex set into two sets which have
the least possible information transmitted across the partition.

24

"strength" of a partition is evaluated
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The mathematical expression of this information, and its nor

malization, as discussed in Appendix E, lead to the following

for a
partition which divides the set of vertices into two subsets of
sizes M and N (M + N = NBIT), the strength of the partition is
measured by

RR - MN
SIR =

where:

TOTAL = total number of links in the graph

(N).
For computational purposes, the actual measure used is INFO, a
monotonic function of STR: INFO is the square of STR, but with
the sign of STR preserved. Of. Figure 7.

The program’s central algorithm searches for that partition

The selection of trial partitions2.
As shown above, for a given vertex set, a partition is un

iquely determined by giving one of its component subsets, since
the other subset is always the complement of the first, with res
pect to the vertex set under consideration. Let INFO be defined
for a given subset, as that value of INFO defined for the parti
tion which this subset deteimines. Then, the task of finding a

♦INFO may be negative, and usually is for minimal points.

26

TOTAL 
NSQ1 

^mnVnsqi-mn1)
RR = number of links connecting any vertex of M with 
any vertex of N

of a graph’s vertex set for which INFO is algebraically minimal.*

NSQ1 = maximum possible number of links in the graph pIT (nbit-1)~|
MN = (M) x

specific measure of the "strength” of any partition:



partition for which INFO is minimum, is the same as the ta.sk of
finding a subset for which INFO is minimum. However, the number

For
graphs of any interest, n is usually large (at least of order
100, say)*, so that the number of possible partitions becomes
very large indeed. This makes it impossible to examine every
possible subset, and then to select precisely that one for which

Instead we must somehow sample the set of allINFO is minimum.
possible subsets, and then use these sample subsets as starting
points in a hill-climb search procedure.

More precisely, sampling produces a starting trial subset,
which is then modified iteratively, by one point at a time, in
an attempt to find subsets whose INFO is lower. This continues
until no modification of the subset by one vertex improves the

The algorithm thus has three components: thevalue of INFO.
choice of a starting subset; its modification under the rule
that INFO has to improve as we go along; and the termination of
the modification, at that point where no improvement is possible.

The 211 possible subsets of the vertex set of n vertices
The arrangement of these subform what is called a lattice.

sets in the lattice depends upon the simple notion of adjacency
Two subsets are called adjacent if one canbetween two subsets.

be made from the other by adding or subtracting a single vertex
This is illustrated in Figure 8, where the adjacentfrom it.

Cf. Alexander and Manheim, THE DESIGN
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♦The analysis of the highway interchange problem used a 
graph with 112 vertices. 
OF HIGHWAY INTERCHANGES.

of possible partitions of a vertex set, being f the total number 
of subsets, is, in the case of n vertices, f.211 s 2n"\
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Figure 8
EXAMPLE OF A GRAPH AND ITS LATTICE
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value of INFO.
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subsets are connected by a line. Since every subset has a value
of INFO attached to it, we can alo associate an arrow with every
line in the lattice, showing by its direction which of the two
subsets concerned has the lower value of INFO. As a convention.

I
the arrow points toward the subset whose INFO is lower.

The search for better subsets now traces out a path over
these lattice lines, always going in the direction of the arrows.
There must be subsets which have no arrows leaving them. As soon
as the search encounters one of these subsets, it terminates.

There are two points of the lattice which are singular,
and must therefore be ignored. These are the full set and the
empty set, which both correspond to that imaginary partition that
separates the entire set from nothing. Clearly this partition is

This is expressed mathematically by the factof no interest.
that for these two subsets, INFO is indeterminate, being O/O.
Arrows cannot be associated with any lattice lines connected to
these points; in the program the hill-climbing procedure ignores
them.

For the sake of simplicity, we may introduce an analogy, in
The altitude of thewhich subsets are the points of a surface.

surface at any point has the value of the INFO of the corres
ponding subset, and the arrows are always pointing downhill. In
this case, the search is equivalent to dropping a ball on the
surface, and watching to see where it rolls to.

The analogy makes it clear how critical the choice of
The purpose of the search is to findstarting points can be.
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the very lowest point of the surface. It may well be, hewever,

that the ball finds its way into some valley, not the lowest,

but cannot get out again. This is the problem of local minima

which occurs in all hill-climbing methods.

In other words the assumption underlying the hill-climbing

procedure is that the surface is relatively smooth: that is,
the minima whose values are low have correspondingly large
"drainage basins," and will therefore be reached from a large
number of other points on the surface, while minima whose values
are relatively high and undesirable, have relatively small drain
age basins. This assumption implies that the best minimum will
actually be reached by at least one path, even if the number of
starting points is rather small.

There is a difficulty, however. For this procedure to work,
the starting points should be equally spaced over the surface.
Unfortunately, there is no obvious way of finding points which
are equidistantly distributed over a lattice. Finding such a
collection of points is equivalent to finding a collection of
corners of an n-dimensional cube which are evenly spaced, for
edge distance, over the cube. This is a very difficult problem
which we have not attempted to solve. Instead, a randomly gen-

30fe

♦The selection of an actual starting point is achieved by 
taking a given random set of vertices, represented by the o d'tai 
words RANDM, and adding, each time a new sample starting point 
is to be generated, another random word, DIFF. The resultant 
random word(s) are then tested to select those vertices which 
are in the graph, such that those vertices of the graph which 
are also in the generated random word(s) become the elements 
of the starting partition.

erated vector is used to select the starting points.*
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The trial subset so generated is called TSET. The path
finding component of the algorithm proceeds by testing each
vertex which is not in TSET, adding it to TSET and determining
if the set so found would yield a lower INFO. If not, then
another vertex is selected and tested for addition. If the
tentative modification does achieve a lower INFO, that
modification is stored.* All the vertices not already in
TSET are tested for addition in this manner, one by one.

Retaining the same TSET, each vertex included in TSET
is tested to determine if removing that vertex from TSET

The best partition
discovered in this subtraction loop is then compared with
the best discovered in the addition loop, and the better of
these two is compared with the partition represented by TSET.
If the addition or subtraction of one vertex results in a par
tition with a smaller value of the corresponding INFO, that
partition replaces TSET, and the procedure is repeated. In
this manner, a path through the lattice of possible partitions
is traced out by additions or subtractions of one vertex at a

time.

31

*Since the addition test selects the vertices in the 
numerical order of their labels, i.e., 1,2,3,4,... this pro
cedure results in a slight bias towards the lowest-numbered 
vertices.

**The vertices are considered in order of ascending numer
ical label in the subtract loop, so that here too there is a 
bias toward lowest-numbered vertices. Furthermore, a partition 
found in the subtract loop must be better than one found in 
the add loop, not just equal, in order to replace it. There
fore, an additional bias exists in favor of partitions which 
add vertices, at the expense of partitions of equal strength 
but which are formed from TSET by subtracting vertices.

would result in a better partition.**



Control algorithms3.
The control algorithms are concerned with keeping track

of the several results of each partition, selecting previously-
found partitions for partitioning in their turn, selecting one
of the two major partitioning sequences (and the variants there
of), and deciding when to stop partitioning and when to print
out the results.

LCTRL is the major control subprogram for the analysis sub-
The normal flow is from LCTRL to the partitioningprograms.

subprogram LGRMN and back again. LCTRL selects the subgraph

to be partitioned and stores the results; it also contains the

decision miles for terminating partitioning and for transferring

control to SCTRL.

After SIMET we keep a permanent record of the symmetricisedI data matrix in OROWS. This matrix describes the entire graph.
As successive partitions of the graph are found, each new sub
graph of the basic graph must also be stored in matrix form so
that we can operate on it. For convenience of operation, and
so that its rows are always numbered consistently, this working
matrix keeps the original matrix order, but for those vertices
which do not appear in the subgraph, the corresponding rows
and columns of the matrix are set to 0. Before any particular
subgraph of the original graph can itself be partitioned, it
is necessary to produce the appropriate modified matrix to
represent the subgraph. In the subprogram LGRMN, this is
performed with the generation of MEOWS from DROWS. Similarly,

32
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Figure 9
COMPLETE GRAPHS OF ORDERS 1 - 5

For a complete graph of any order = n, all possible partitions have 
INFO = 0. The only non-arbitrary decomposition is into n vertices.

N - 3



in SMRMN, the working area MATA is generated from the semi
permanent storage in DATA.

When LCTRL calls up a candidate for partitioning, it com-
If the subgraph is of orderputes the size of that subgraph.

greater than 36 the normal sequence through LGRMN is followed.
However, if the order of the subgraph is 36 or less, control is
shifted to the alternate sequence which utilizes the faster par-

(The path of this sequence is throughtitioning subprogram SMRMN.
REDUC, necessary to change the format of the data to less-than-36.)

When LCTRL transfers to the REDUC-SCTRL-SMRMN sequence, it
keeps track in REDST of the subset which was just small enough

Once control is passed to SCTRL, this subset isto be shifted.

partitioned and repartitioned until it has been decomposed into

A complete subgraph is one inits component complete subgraphs.

which every pair of vertices is linked, and there are therefore

n(n-l)/2 links if there are n vertices. Cf. Figure 9. LCTRL
is never again concerned with this subtree of the hierarchy.

Since each subset passed to SCTRL is thus partitioned to
completion, LCTRL can use the record of subsets passed, kept
in REDST, as a criterion for halting partitioning: when all
the vertices in the original graph (represented by ATOOX)
have been included in subsets passed to SCTRL, then the original
vertex set has been completely reduced, and partitioning ter
minates.

Within the less-than-36 sequence, SCTRL is the subprogram

that must decide when to stop partitioning the subset it receives

as input.

34
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SYMMETRIC GRAPHS
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This graph is symmetric: partitions AA and DD both have the same 
(lowest) value of INFO. The intersection procedure (NTRSC) produces 
this result, a three-way decomposition:

'/T2-

This graph is symmetric: partitions DD and EE both 
(lowest) value of INFO. This intersection procedure (NTRSC) 
produces the following result, a four-way decomposition:

a)
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Under certain conditions the subgraph which arrives in

In this case everySMRMN, from SCTRL, is a complete subgraph.

possible partition of the set of vertices has the same value of

INFO, so that it is clearly pointless to try and apply the hill-

the arrows are not defined for any line on theclimb algorithm:

SMRMN tests for this condition by comparing the numberlattice.
of 1’s in the input matrix (TOTAL) with NSQL = (n)(n-l)/2. Each

time that a complete subgraph is detected, control at once re

turns to SCTRL, the set of vertices in question is recorded in

SIMST, and SCTRL moves on to select another subset for decom-

As a result, SIMST contains a running record of allposition.

sets which can be decomposed no further. When SIMST contains

all the vertices of the graph of order 36 or less which was in

put to SCTRL, then SCTRL stops and returns program control to

LCTRL.

This test is made in the less than 36 sequence only, as

it is assumed that the probability of finding a complete sub
graph of order greater than 36 in any practical graph is

negligible.

There is a second kind of symmetry which a subgraph can

exhibit, less strong than the perfect symmetry in which every

partition has equal value. This is illustrated in Figure 10.

Here, though not all partitions are equal, the two best parti

tions (i.e., lowest INFO value) are equal. To avoid being
arbitrary, we must make both these partitions simultaneously,

36



and thus cut the set into three subsets rather than two. This
procedure, brought into action whenever two or more best parti
tions of equal value occur, is handled by NTRSC* (called by
SMRMN). Again, it is assumed that this happens mainly for
small graphs, and there is no corresponding procedure for LGRMN.

The development of the hierarchy of subsets begins with
the two-way partition of the original vertex set; each of the
two subsets (more than two if the NTRSC subprogram is called
for) is then partitioned, and these results are in turn parti-

The control procedure in both LCTRL and SCTRL is totioned.
index register to keep track of where the resultsuse one

should be stored. Both a subset and its resulting partitions
stored in the same block with this method (MACRO in LCTRLare

and ATMS in SCTRL), since each result of a partition will in
turn become an object to be partitioned.

The hierarchy of subsets has discrete levels; at the first
level is the original graph, at the second its two major subsets,
at the third the partitions of these subsets, etc. Since the
partitioning results are stored in one area, sequentially, it is
necessary to distinquish among these levels of the hierarchy.
This is done, in both LCTRL and SCTRL, by storing a word of

When index register 1, whichzeros at the end of each level.
selects subsets to be partitioned from one level, finds one
subset which is empty (all zeros), then another empty set

37

♦NTRSC and its associated print-out routine, PTSCT, have 
not been incorporated in the version of the program operational 
in December 1961.

♦♦Each new level is indicated by the remark "New level of 
hierarchy" in the printed output. Cf. p. 37 f.
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(zero word) is stored at the location for partition results
specified by index register 4, thus marking the end of the
level next lower in the hierarchy. Cf. Figure 11.

Both for the less-than-36 sequence and the larger se

quence, the results of the successive partitions are printed
This is accomplished by calling

PTCLR from SCTRL and PTLGR from LCTRL, and PTSCT for those
exceptional cases in SCIRL which are referred to the control

This is discussed further under OUTPUT, Sectionof NTRSC.**

IK, C.

♦This eliminates the requirement for erasing the whole of 
the ATMS block each time that a less-then-36 sequence is com
pleted.

♦*Cf. note about NTRSC on preceding page.
39

out as they are computed.*
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A. INPUT

The links of a graph, as used in this program, are non-

directional. The matrix representing the links must therefore
be symmetrical about its main diagonal, i.e. m. Also,= m

the main diagonal, m
The matrix is input from punched cards. Since a single

error would make the matrix symmetrical, or introduce 1’s on
the main diagonal, and would thus destroy the conditions nec
essary for correct operation of the algorithms, the subprogram
SYMET is used to check the input and remove errors of the above

SYMET eradicates l*s on the main diagonal, and replacestypes.
by (m.both m

It turns out, incidentally, that SYMET is even more useful
For a large design problem of thethan originally intended.

type which generates our input, it is not only hard to ensure
accuracy in punching, but also hard to decide just which point
pairs are linked.

With the program SYMET in operation, however, it isrequired.
possible to generate the data at the card punch, without hand
checking it, with the assurance that it will be machine checked
and that only the "most certain" pairs - those where a link has

will be treated as linked.

43

If the decision for is made independently 
it is almost impossible, in practice,of the decision for mjit

to make all these decisions consistent with the formal symmetry

must all be zero.

ij ’ “ji*

since no vertex may be linked to itself, the elements along

and m^ by (m^ fl ra^) for all i and j, thus leaving a 

1 in them only if both are initially 1.

been defined for both and m^ -



Other than the data of the problem - the representation of
the graph itself - the program requires as input only three para-

ORDER, the order or number of rows in themeters. These are:

matrix; LATIS, the number of starting sets for the hill-climbing

algorithn to be chosen from the lattice; and RANDM, a random

word used as a base for calculating the RANDM and DIFF blocks

The larger the value of LATIS selected, theof random words.

more likely that the sampling procedure will discover the op

amount of computer time used.

Input Formats

A. Parameters

The parameters follow immediately after the *....DATA1.

card of the Fortran Monitor System.

2. The sequence of the parameters is:
ORDER

RANDM

LATIS

3. Each parameter is entered on a separate card, in octal,

in columns 1-12. ORDER and LATIS have their respective

numerical values located in the decrement of the corres

ponding 36-bit word, and are integer-valued. RANDM is
any arbitrary octal word.

DataB.

The data follow the parameter cards.1.

The matrix is inputted in descending order, by rows;2.
i.e., row one, row two, etc.

44

timalTSET - but as the sample size increases, so does the



Each row is broken into units of 72 columns; any3.
fraction of a unit is completed with columns of

zeros to form a full 72-column unit.

Each 72-column-by-one-row unit is on a separate card,

occupying columns 1-72.

The binary matrix representing the graph is ex-5.
pressed directly on the card in ones and zeros.
(Under the present M.I.T. Fortran monitor system,

need to be punched, since blanks areonly the ones

interpreted as zeros.) Any identification of the

card can be punched in columns 73-80*

6. The sequence of the cards for any row is in order
of ascending order of the columns: i.e., 1-72,
73-144, 145-216, etc.
Example of input sequence:7.

ORDER = 90

Row 1, columns 1-72 of the matrix; punchedCard 1.

in card columns 1-72.

Row 1, columns 73-90 of the matrix; punchedCard 2.

in card columns 1-18 (card columns 19-72

Row 2, columns 1-72 of the matrix; punchedCard 3.
in card columns 1-72.
Row 2, columns 73-90 of the matrix; punchedCard 4.
in card columns 1-18.
Row 3» columns 1-72 of the matrix; punchedCard 5*
in card columns 1-72.

etc.
(Total:

are dummies).

180 cards)45



9

SIMPLIFIED OPERATING INSTRUCTIONSB.

A deck prepared for submission of a problem under the Fortran

Monitor System (using the M.I.T. system tape as of December 1,

1961) consists of the following:

(1) identification card

(2) XEQ card

(3) program deck - FAP symbolic deck or relocatable

column binary
(4) DATA card

(5) parameters

(6) data deck - representation of the graph in matrix form
(7) Fortran Post-mortem request cards, if desired.

Format of the printed output is under program control.

46



c. OUTPUT

The output of running the program package on a particular

graph is the tree, or hierarchy of subdivisions of the graph.

The printed output consists of one sequence---- the subgraphs of

order greater than 36---- into which are injected the several

sequences for subgraphs of order 36 or less.

When partitioning control passes from LCTRL to SCTRL (i.e.,

the subgraph to be partitioned is of order 36

partition of the subgraph proceeds through to completion, be

fore control is passed back to LCTRL and another subgraph

(which may be greater As the
the less-than-37 subgraph proceeds, each repartitioning of

into the output as it is computed, along withsuit is written
This results in the complete tree ofthe appropriate comments.

the partitions of the less-than-37 subgraph being printed as a
unit, prefaced by the PRTIN remark, followed by the PRTOUT re-

When partitioning control for a particular subgraph remains
, order greater than 36), the partition of the sub

graph is only carried through one stage, before the next sub
graph is selected by LCTRL for partitioning by LCTRL or SCTRL.
Therefore, the major sequence of the output is the partition
results produced by LCTRL, printed as they are computed. When
ever the result of a previous partitioning is determined to be
of order 36 or less, control of partitioning shifts to SCTRL;
at this point, the entire decomposition of this subgraph is
computed and printed out, before control returns to LCTRL and

Cf. p. 30.*I.e., "New level of hierarchy."
47

or less than 36) is selected.

in LCTRL (i.e.

mark, and with PTLVL remarks at appropriate points.*

or less), the



Figure 12
EXAMPLE OF OUTPUT FORMAT

Tf’E-E.

(.9 2)I -9Z

C32.)(GO) GI-9Z

C3o)41 - Go )(2o)-40

21 -40 5"/ -Go G3- 70

4 1-45"

KEY:

48
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CORRESPONDING OUTPUT

New level of hierarchy 
Control returned to LCTRL 
New level of hierarchy 
1-20 
21-40
New level of hierarchy 
Control passed to SCTRL

New level of hierarchy 
Control returned to LCTRL 
New level of hierarchy 
(END)

f bl, GZ

( I - GO

Number in circle identifies the 
vertices in the subgraph; number 
in parenthesis indicates the 
number of these vertices included. 
f= indicates passage to SCTRL from 
LCTRL.

1-92
New level of hierarchy
1-60
61-92
New level of hierarchy
1-40
41-60
Control passed to SCTRL
61-62
63-92
New level of hierarchy
63-70
71-92
New level of hierarchy

New level of hierarchy 
Control returned to LCTRL 
New level of hierarchy 
1-20 
21-40
Control passed to SCTRL 
41-50 
51-60
New level of hierarchy 
41-45 
46-50

G3- 9 ZJ X 
7 1-92?)



the printout again follows the major sequence of partitioning

results.

49
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(Cf. Figure 12, Example of output format, and Appendix 

D, Typical input and output.)



RESTRICTIONS ON MATRIX SIZED.

The program as written can operate upon matrices as large
This limitation is not inherent in the algorithmsas order 252.

used, but only depends upon the amount of storage space allocated
to the several different tables generated by the program.

Most of the variables for which a block of several words
must be reserved do not affect significantly the total amount of
storage used. As shown in the program listings, most of these

variables, from INDIC to SECTS, inclusive, require a total of

only about 350 words. MATAX is also of the order of magnitude

of several hundreds of words. It is the other blocks, using

several thousands of words each, which are critical.

The length of the AIMS block is determined by the maximum

number of subgraphs it is possible to obtain from a graph of

order 36 (the maximum size which is handled by SCTRL, the only

subprogram operating upon AIMS). It can be shown (see Appendix

F) that, for a graph of order n, the maximum number of elements

in the tree representing the hierarchical decomposition, the

number of ATMS, is 2n - 1. If we account for spaces between

levels in the hierarchy, AIMS, which handles only less-than-37

graphs, cannot require more than (3)(36) = 108 words of storage.

This same calculation performed for the size of the MACRO

block shows that for a matrix of order 252, MACRO needs, at

most, 5300 words of storage.

50



The length of INMAT is a direct function of the size of the

matrix inputted. The length of INMAT is LGTH, a function of ORDER
and NWORD. The present size of INMAT is just slightly larger than

that necessary for a matrix of order 252. Any increase in ORDER

requires an increase in the size of the INMAT block, and the

increase is about proportional to the square of the increase in

ORDER.

The lengths of DROWS and MROWS are identical, being given by

DAT is a function of NWORD and ORDER, and increases approx-DAT

However, DAT is about 40$ theimately as the square of ORDER.

magnitude of LOTH for a given ORDER, and so the length of the

INMAT block is most critical of all the several large storage

The length of MATAX is a direct linear function of ORDER,areas.

and so is relatively uncritical for large values of ORDER.

The critical constraints upon the order of matrix, then,

DROWS, MROWS, ATMS, and, most critically, MACRO and INMAT. If

it is desired to expand the size of graph which can be analyzed,

it is necessary to increase the sizes of these blocks appro

priately (as well as ATOOX, ATOX, SET, RANDM, DIFF).

There is no real reason for preserving the array stored in

INMAT once the Data series of subprograms has been completed,

If this check canexcept as a check upon suspicious results.

be dispensed with, or if an appropriate readout subprogram is

incorporated, the MACRO block can be written over the INMAT area.

51

are the sizes of the storage areas which must be reserved for



The same block of storage would do double duty, serving as INMAT

in the Data stage and as MACRO in the Analysis sequence. This

would result in a significant reduction in the amount of storage

required, enabling expansion of the program’s capacity.
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A. DICTIONARY OF VARIABLES

This alphabetical list of variables includes all those in

subprogram, and some others.** All the arguments of the subpro
grams described in the DICTIONARY OF SUBPROGRAMS are included in
this list, as they must be in COMMON. Variables not in COMMON
are so described.

The descriptions include where (in which subprogram) the
values for the variable are computed or generated, and where
the variable is used for additional operations.

For descriptions of some variables not listed, but important
in LGRMN or SMRMN, see the descriptions of those subprograms.
Those variables marked with an asterisk have reference only to
the part of the program which deals with matrices of order less

These names are usually simpler versions of theirthan 37.

greater-than-36 counterparts, since this part of the program was

developed first.

Al

♦♦Some variables particular to NTRSC are included here, al
though NTRSC is not incorporated in the program version opera
tional as of December, 1961.

corporated in the COMMON block for ready access by more than one

♦ATMS- storage for the results of successive partitions of 
graphs of size 36 or less. Under the control of SCTRL, the re
sults of successive partitions of a particular subgraph are 
stored in ATMS. The entire AIMS block is printed out by PTCLR 
as each element is computed, and before control is returned to 
LCTRL. The next time that control passes from LCTRL to SCTRL 
the previous results in AIMS are overwritten. Computed in 
SCTRL, used in SCTRL.



A2

ATOOX- the graph which is the subject of the analysis.
More precisely, the representation of the vertices of the graph. 
Computed as a function of ORDER in MAIN, used in LCTRL, LGRMN. 
An arbitrary ATOOX can be inserted in MAIN, if desired.

COMUN- a table of constants, used in various operations. 
The complement of UNIT; COMUN-n has a zero bit in the bit posi
tion n-th from the left in the 36-bit 709 logical word, and 
ones elsewhere. Computed in GENER, used throughout.

♦DATA- the data matrix representing the links of the sub
graph of order 36 (or less) being partitioned under the control 
of SCTRL. When control passes to SCTRL, DATA is computed from 
DROWS in REDUC, and all the successive partitions of the subgraph 
(under the control of SCTRL) use DATA to compute the appropriate 

MATA. DATA is similar to EROWS in that, once completed, it be
comes permanent storage, and necessary modifications are com
puted and stored in the working area MATA (counterpart of MROWS). 
Computed in REDUC, used in SMRMN.

DIFF- the word or block of words used together with RANEM 
to select a sample of starting points of size LATIS: new RANEM’s 
are generated by the addition of DIFF to the preceding RANDM. 
Calculated in GENER, used in SMRMN, LGRMN.

ATOX- the representation of the subgraph (of order greater 
than 36) which is currently being considered for or undergoing 
partition. Computed in LCTRL, used in LCTRL and LGRMN.

CONVT- the block in which is stored the key by which the 
subgraphs of order 36 or less can be identified in the sub
graph of greater-than-36 size, while being partitioned under 
the control of SCIRL. Computed in REDUC, used in REDUC, PTCLR.

♦ATOM- the representation of the vertices of the subgraph 
(of order 36 or less) which is currently being considered for 
or undergoing partition. Computed in SCTRL, operated on in 
SMRMN.

DAT- the number of significant words stored in the DROWS or 
MROWS blocks. DAT = ORDER (NWORD + 1). Computed in GENER, used 
in CNDAT, SYMET.

♦ATDMO- the vertices of the subgraph with which LCTRL passes 
control to SCTRL: the first graph of the subtree built up by 
SCTRL-SMRMN. Computed in REDUC, used in SCTRL, SMRMN.
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D36- a standard quantity: 
integer 3& in its decrement.

one word which contains the 
Computed in GENER, used throughout.

LATIS- the number oi times that the lattice of possible 
partitions is sampled at any point in the tree by generation of 
a new path beginning; the sample size. Input as parameter, used 
in LGRMN, SMRMN.

INMAT- temporary storage for data matrix of the original 
graph, as inputted by INuAt. format of data changed by CNDAT 
and new version stored in MROwS. Computed in INDAT, used in 
UNDAT.

INFO- the criterion used to determine the better of two 
partitions. INFO is signed, and has a range over the real num
bers. Of two partitions, the one with an algebraically lower 
value of INFO is the more desirable. Computed and used in 
SMRMN and in LGRMN. Not in COMMON.

*EQLS- the set of partitions of equal strength at the sub
division of a particular subgraph. Cf. discussion of NTRSC, 
SECTS. Computed in SMRMN, used in NTRSC.

LGTH- the number of significant words stored in the INMAT 
block. LGTH = (ORDER) x (NWORD) x (3). Computed in GENER, used 
in INDAT, CNDAT.

♦LATS1- the counter used to control the size of sample for 
the starting-point algorithm and the associated hill-climbing 
algorithms. Reset value is LATIS. Computed and used in SMRMN. 
Not in COMMON.

EROWS- the data matrix representing the links of the original 
graph. Once SYMET and the previous sequence of Preliminary and 
Data subprograms have been completed, DROWS becomes unchangeable, 
the permanent storage for the original symmetricized matrix. 
AH modifications of this matrix necessary for operation on par
ticular subgraphs are generated when needed, and stored in the 
local working areas NROWS and DATA - MATA. Computed in final 
form in SYMET, used throughout.
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♦MATA- the data matrix computed from DATA which represents 
the links of the subgraph actually being partitioned. Cf. DATA. 
Computed and used in SMRMN.

NSET- for any subgraph represented by ATOM or ATOX, SET is 
the best partition. More precisely, SET enumerates those points 
which are all in one of the two subgraphs into which ATOM or ATOX 
is divided. NSET is the other of the two subgraphs, and is the 
complement of SET within ATOM (or ATOX). NSET is not actually 
labelled and used as such in any subprograms, but is defined for 
clarity in this writeup.

MACRO- the larger-than-36 counterpart of ATMS. Storage for 
the tree of successive partitions of the graph, computed in 
LGRMN and LCTRL. Used in LCTRL.

MATAX- a key for indirect addressing of MROWS. Cf. Figure 
28, Appendix. Computed in GENER, used in all subprograms dealing 
with graphs of order greater than 36.

NDXX- the counter used to control the size of sample for the 
starting point algorithm and the associated hill-climbing algor
ithms. Reset value is LATIS. Analogous to LATS1. Computed and 
used in LGRMN. Not in COMMON.

MROWS- the working area for storage of the matrix repre
senting any particular graph of order greater than 36. Derived 
from DROWS (q.v.). MATAX is indexing key for addresses in MROWS. 
Also used in Data subprograms as temporary storage. Computed in 
LGRMN, used in LGRMN, REDUC.

NBIT- the number of vertices in ATOX (under control of 
LCTRL), or in ATOM (when under control of SCTRL). Computed in 
SCTRL or in LCTRL.

MN- for any partition, and the two corresponding subgraphs, 
the product of the number of vertices in one subgraph and the 
number in the second. MN represents the maximum number of links 
possible between the two subgraphs. Computed and used in SMRMN; 
computed and used similarly in LGRMN. Not in COMMON.

NN- for any partition and the two corresponding subgraphs, 
NN is the number of vertices in that subgraph of the two which 
is described by TSET. Computed and used in SMRMN; computed and 
used similarly in LGRMN. Not in COMMON.



Not in COMMON.

graph.
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Computed in SMRMN to test whether any subgraph is 
If so, partitioning is not attempted.

Computed in SMRMN, used in SMRMN; computed in

NSQ1- for a subgraph of size N, NSQ1 is the maximum number 
of links possible - i.e., assuming that each point in the graph 
is connected to every other point; the number of links in a com
plete graph, 
a complete graph. 
NSQ1 = N(N-l) . 

2
LGRMN, used in LGRMN.

NWORD- the number of 36-bit words required to represent the 
Precisely, NWORD is the number of units of 36 in ORDER, 

with any fraction of a unit considered as a full unit, and any 
odd number of units rounded to the next highest even number. 
For example, ORDER = 35. 36, 37 or 72, NWORD = 2; ORDER = 73, 
108, or lh4, NWORD = etc. Computed in GENER, used in all sub
programs operating upon graphs larger than 36.

REDST- the cumulative record of subsets of vertices which 
are passed from LCTRL to SCTRL, for partitioning to completion 
by the less-than-3o sequence. REDST is used by LCTRL as a cri
terion for halting partitioning: when REDST is identical to 
ATOOX, partitioning is terminated and control returns to (MAIN) 
from LCTRL. Computed and used in LCTRL. Not in COMMON.

RANDM- the word or block of words used to select a pseudo
random sample of starting points for the hill-climbing algorithms 
of SMRMN and LGRMN. RANDM itself is input as an arbitrary para
meter, and used in SMRMN. In GENER, RANDM is used to compute 
DIFF, and the two blocks behind RANDM and DIFF. The block forms 
are used in LGRMN, the single words in SMRMN.

ONED- a standard quantity; the integer one in the decre
ment of a word. Computed in GENER, used throughout.

RR- the number of links connecting the two subgraphs re
presented by the partition of a graph. Computed and used in 
SMRMN; computed and used similarly in LGRMN. Not in COMMON.

ORDER- the size of the matrix: the highest number assigned 
to a vertex of the graph. ORDER may be much greater than the 
number of vertices in the graph - e.g., a three-vertex graph may 
consist of vertices labelled, 9, 35. and 56, in which case 
ORDER = 56, while NBIT = 3« Input as parameter, used in almost 
all subprograms.
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UNIT- a table of constants, used in various operations.
UNIT-n has a one in the bit position n-th from the left in the 
36-bit 709 logical word, and zeros in the remaining 35 positions. 
Computed in GENER, used throughout.

SET- the representation of one subgraph derived from a parti
tion of the current ATOM or ATOX. If ATOM, then SET proper is 
the subgraph; if ATOX (order greater than 36), then the subgraph 
is stored in the block labelled by SET. Computed in LGRMN or 
SMRMN, used in LCTRL or SCTRL, and PTLGR or PTCLR.

SIMST- used in SCTRL to determine when the particular sub
graph being partitioned has been reduced completely to component 
complete graphs, by successive partitioning. Cf. SCTRL des
cription. Computed and used in SCTRL; not in COMMON.

TSET- a graph and its partition into two subgraphs can be 
described by three quantities, one of which is redundant: the 
set of vertices in the graph, the set of vertices in one sub
graph, the set of vertices in the other subgraph. In this program, 
the graph is described by ATOM or ATOX (for less than 36 or greater 
than, respectively), and TSET specifies one of the two subgraphs. 
The second subgraph can always be computed from ATOM or ATOX, and 
TSET. -TSET is generated by the sampling and hill-climbing 
algorithms. Computed and used in SMRMN; computed and used 
similarly in LGRMN. Not in COMMON.



B. DICTIONARY OF SUBPROGRAMS

1. INPAR
2. GINER

SET83a.
3b. SET9
l+. INDAT
5. CNDAT
6. SYMET

PIMAT7.
8. LCTRL

LGRMN9.
10. REDUC

SCTRLIla.
11b. ♦ALPHA
11c. ♦NSTOR
lid. SIMPL

SMRMN12.
♦NTRSC13.

14a. COUNT
14b. CNVRT
15a. PRTIN

PTLVL15b.
15c. PTOUT
16. PTLGR

PTCLR17.
18. PTSCT

Bl

♦These subprograms, concerned with NTRSC and related functions, have 
not been incorporated in the version of HIDECS 2 operational in 
December, 1961.



Explanation of format of subprogram writeups

the subprogram from which program control

subroutine into which program control is to be

B2

key variables whose values are carried from 
All arguments are in COMMON.

Calls: 
transferred.

Arguments: 
one subprogram into another.

Called by: 
is transferred.

Followed by: next subroutine which will be called by 
same calling sequence.

Follows: if this subroutine is being called as one of 
a sequence, this indicates the preceding subprogram in that 
sequence.



1.

2.
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i

■

GEIER 
(MAIN)

ORDER, RANEM 
NWDRD
DAT
LOTH 
ONED 
D36
UNIT table 
COMUN table 
RANEM table 
DIFF table 
MATAX table

(none) 
LATIS 
ORDER 
RANEM

Subprogram: INPAR
Called by (MAIN)
Calls: --
Follows:-- (first program called)
Followed by: GENER
Entered with arguments:
Determines as arguments:

Description:
INPAR reads in LATIS, the size of sample to be taken; ORDER, 
the size of the graph with which the analysis commences; RANEM, 
a random number used to select trial partitions of the graph; 
Cf. renarks in "Input" section, and Figure 3.

Description:
GENER generates a number of relevant parameters. NWORD, DAT, 
and LGTH are parameters which describe various dimensions of 
the data arrays, and are computed as functions of ORDER.
ONED and D36 are standard constants.
The UNIT and COMUN tables are also constant from run to run.
Cf. the variable dictionary.
GENER generates the MATAX block, which is the indirect-addressing 
key to MROWS.

Subprogram:
Called by:
Calls: ----
Follows: INPAR
Followed by: SEI 8
Ehtered with arguments:
Determines as arguments:



3a.

Determines as arguments:

Sets the controlsDescription:

3b.

Determines as arguments:

3c.

Determines as arguments:

B4

for certain loops in LCTRL as 
a function of the variable parameters NWORD and ORDER.

SET 8 
(MAIN)

NWORD
ORDER 
see description

NWORD
ORDER 
see description

NWORD
ORDER 
see description

Description: Sets the controls for certain loops in LGRMN as 
a function of the variable parameters NWORD and ORDER.

Subprogram: SET9
Called by: (MAIN)
Calls: --
Follows: SET8
Followed by: SET11 
filtered with arguments:

Subprogram: SET11 
Called by: (MAIN) 
Calls: — 
Follows: SET9 
Followed by: INDAT 
filtered with arguments:

Subprogram:
Called by:
Calls: --
Follows: GENER
Followed by: SET9
Entered with arguments:

Description: Sets the controls for certain loops in REDUC as 
a function of the variable parameters NWORD and ORDER.
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Determines as arguments:
Description:

5.

Determines as arguments:

Operates upon theDescription:

B5

INDAT 
(MAIN)

ORDER
LGTH
DAT
NWORD
INMAT block of data

INMAT block of data
NWORD
DAT
LGTH
DROWS block of data
MROWS

The Fortran Monitor System (FMS) cannot read in binary 
information directly. Therefore, INDAT reads in the sequence of data 
cards with the matrix representation as if they were in octal form, 
and stores this information in sequence in the storage block INMAT. 
Cf. section on "Input."

Subprogram:
Called by:
Calls: ----
Follows: SETll
Followed by: CNDAT 
filtered with arguments:

The matrix is represented in binary fashion, by arranging one row 
to each consecutive group of cards. When read in, however, each 
binary 1 on the cards is interpreted by IMS as an octal 1 and is 
allocated to one octal digit, or three binary digits, in storage. 
Therefore, each card of ?2 columns, representing a matrix row 
with 72 columns, is interpreted and stored as six 36-bit words. 
Each of these words is the binary representation of the octal 
number represented by a unit of twelve binary bits in the input 
card. CNDAT operates to contract these words into their proper 
form.

expanded form of data matrix, as 
stored behind INMAT, and condenses it to correct format, loading 
into MROWS and DROWS blocks. Utilizes table look-up operation 
in CNVRT.

Subprogram: CNDAT 
Called by: (MAIN) 
Calls: CNVRT
Follows: INDAT
Followed by: SYMET 
Entered with arguments:
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Determines as arguments:

Description:

Also, replaces

7.

Determines as arguments:

8.

Determines as arguments:

B6

ORDER
NWORD
DAT
DROWS block of data 
see description

MACRO block of partitions
NBIT,
ATOX block (to be partitioned)

ORDER
NWORD
DROWS block of data
DROWS block (modified)

Description:
after SYMET has symmetricised

This subprogram prints out the links of the matrix, 
the input data.

ATOOX block
DROWS block of data
ORDER
WORD
LATIS

Description: This is the control subprogram that analyzes each 
subgraph and decides whether it should be partitioned further by 
LGRMN or if- it should be passed to REDUC for partition by SCTRL 
and SMRMN. LCTRL also stores the results of LGRMN and controls 
printout by PTLGR. Cf. the flow diagram.

Subprogram: PIMAT 
Called by: (MAIN) 
Calls: —
Follows: SYMET
Followed by: LCTRL 
Entered with arguments:

Subprogram: LCTRL 
Called by: (MAIN) 
Calls: LGRMN

PTLVL
PRTIN
REDUC
SCTRL

Follows: SYMET
Followed by: PTLGR 
Entered with arguments:

Checks data matrix, as stored behind EROWS, for 
symmetry about the diagonal, and replaces all non-symmetric pairs 
of elements by zeros. That is, SYMET takes the intersection of 
the two halves of the matrix about the diagonal, 
all non-zero elements on the diagonal by zeros.

Subprogram: SYMET 
Called by: (MAIN) 
Calls: — 
Follows: CNDAT 
Followed by: PTMAT 
Ehtered with arguments:
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Determines as arguments:

SET block.

10.

Determines as arguments:

Description:

1.

2.

3.
The printout routine, PTCLR, utilizes this key.

B7

Generating a conversion key, CONVT, for identifying 
the elements of the condensed format.

LGRMN
LCTRL

REDUC
LCTRL

ATOX block
DROWS block of data
WORD
NBIT
ATOMO
DATA block
CONVT block

Subprogram: 
Called by: 
Calls: --
Follows: --
Followed by: 
Entered with arguments: DROWS block of data

ATOX block
WORD
LATIS
NBIT
RANDM block
DIFF block
SET block (partition results)

Condensing the description of the subgraph as 
recorded by ATOX block into a single word, ATOMO.

Condensing the matrix of size ORDER as stored in the 
DROWS block, into a matrix of order 36 or less, 
stored in the DATA block.

Subprogram: 
Called by: 
Calls: ----
Follows: PRTIN 
Followed by: SCTRL 
Entered with arguments:

REDUC is called by LCTRL when the subgraph to be 
partitioned is of order 36 or less. REDUC prepares the sub
graph for analysis by SMRMN under the control of SCTRL by:

Description: This subprogram performs the actual analysis of 
the graph with which it is entered (ATOX block), and consists 
of the sampling and criterion algorithms. The output is the 
best partition discovered, the



Cf. flow diagram, Figure 16.
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SET 
ATOM 

Determines as arguments: see description

ATOMO
DATA block

Determines as arguments: ATMS block of partition results 
ATOM (to be partitioned)

Description: This is the control subprogram that, analogous to 
LCTRL, analyzes each subgraph and decides whether it should be 
partitioned further, by SMRMN, and controls the storage of par
tition results. Each time control returns to SCTRL from SMRMN, 
the partition results are printed out by PTCLR.

♦Description: ALPHA is an entry point in SCTRL, to which SMRMN 
returns control under normal conditions (i.e., ATOM is not a 
simplex, and the best partition of ATOM is the only one found 
with the lowest value of RMN). ALPHA stores SET and its com
plement in ATOM in the ATMS block, and calls PTCLR to print 
out SET and its complement.

11b. Subprogram: ALPHA (SCTRL)
Called by: SMRMN
Calls: PTCLR
Follows: *
Followed by: *
Entered with arguments:

SCTRL is entered first from REDUC with ATOMO; ATOMO and its 
successive partitions are stored in ATMS, and partitioning 
continues under the control of SCTRL until ATOMO has been re
duced entirely to its component complete graphs.

Ila. Subprogram: SCTRL 
Called by: LCTRL 
Calls: SMRMN

PTLVL
PTCLR
PTSCT
PTOUT

Follows: REDUC
Followed by: ----
filtered with arguments:
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■

12.

Determines as arguments:
Description:
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!

SMRMN 
SCTRL

SIMPL (SCTRL) 
SMRMN

SECTS
see description

special case, as 
in ATMS block.

Subprogram:
Called by:
Calls: NTRSC, SIMPL
Follows: —
Followed by: PTCLR
Entered with arguments:

♦Description: SIMPL is an entry point in SCTRL. Control is 
returned to SCTRL via the SIMPL entry point by SMRMN when the 
NSQ1 test indicates that ATOM is a simplex, and therefore par
titioning is unnecessary.
ATOM itself is considered to be the result of the partition and 
is stored in ATMS block as such. Since this entry comes after 
"Call PTCLR," there is no printout in this case.

11c. Subprogram: kNSTOR (SCTRL)
Called by: NTRSC
Calls: PTSCT
Follows: ♦
Followed by: *
Entered with arguments:
Determines as arguments:

ATOM
DATA block
LATIS 
RAN EM 
DIFF 
SET 
NSET

Description: This subprogram performs the actual analysis of the 
graph with which it is entered (ATOM), of size 36 or less. Anal
ogous to LGRMN for larger graphs, SMRMN consists of sampling and 
criterion algorithms. The output is the best partition discovered, 
SET, and its complement in ATOM, NSET.
In addition to these similarities with LGRMN, SCTRL calls two 
special subroutines not used in the analysis of larger graphs. 
Cf. NTRSC and SIMPL.

♦Description: NSTOR is an entry point within SCTRL. When 
more than one "best" partition of ATOM has been found, SMRMN 
calls NTRSC and then returns control to SCTRL via NSTOR. 
NSTOR calls PTSCT to print out the partition results of this 

entered in SECTS, and stores these results

lid. Subpro gram:
Called by:
Calls: *
Follows: *
Followed by: *
Ehtered with arguments: ATOM
Determines as arguments: see description



13.

Determines as arguments:

BIO

ATOM
EQLS block
SECTS

Calls: —
Follows: —
Followed by: —
Ottered with arguments:
Determines as arguments:

*
see description

Description: NTRSC is called if and only if the sampling procedure 
of SMRMN has found two or more non-identical partitions of ATOM 
which have equal strength. NTRSC takes these sets of equal par
tition strengths as stored in EQLS, and computes the subsets of 
vertices which correspond to the intersections of the partition 
sets. These are stored in SECTS.

14b. Subprogram: CNVRT
Called by: CNDAT
Calls: —
Follows: —
Followed by: —
Enters with arguments:
Determines as arguments:

♦Description: COUNT is a service routine, and is used to count 
the number of bits in one or more words by a CAQ table-look-up 
operation. The most important use is to examine ATOM or ATOX 
block and determine NBIT. COUNT also is used to calculate TOTAL, 
PA, QA, PS, QS, SR, NN, and RR.

Subprogram: NTRSC 
Called by: SMRMN 
Calls: NSTOR 
Follows: — 
Followed by: ----
filtered with arguments:

14a. Subprogram: COUNT
Called by: SCTRL 

LCTRL 
SMRMN 
LGRMN 
GENER

*
see description

♦Description:. CNVRT is a service routine, using a CAQ table-look-up 
operation to operate on the expanded matrix stored in the INMAT 
block and condense it, preparatory to storage in DROWS. Used in 
CNDAT.
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♦

See description.

PTOUT
LCTRL

PTLVL
SCTRL, LCTRL

PRTIN
LCTRL

15a. Subprogram:
Called by:
Calls: --
Follows:
Followed by: REDUC
Shtered with arguments:
Determine as arguments:

♦Description: When SCTRL determines that partitioning of a 
particular subgraph (of size 36 or less) is completed, and 
control is returned to LCTRL, then PTOUT is called to place 
an appropriate comment in the output.

15b. Subprogram:
Called by:
Calls: --
Follows:
Followed by: --
Entered with arguments: *
Determines as arguments: See description.

♦Description: Whenever a subgraph is to be partitioned of size 
36 or less and therefore control passes from LCTRL to SCTRL, 
PRTIN places an appropriate comment in the output: "Control 
passed to SCTRL."

♦Description: Whenever SCTRL or LCTRL, in the process of devel
oping the partition tree for some subgraph, determines that the 
end of a row in the tree has been reached, PTLVL is called to 
print an appropriate comment in the output: "New level of 
hierarchy."

15c. Subprogram:
Called by:
Calls: ----
Follows: SCTRL
Followed by: --
Entered with arguments: ♦
Determines as arguments: See description.



16.

17.

Determines as arguments:

18.

B12

Description: Whenever NTRSC has been used, in stead of the 
usual SMRMN procedure, PTSCT is called to print out the par
ticular results of NTRSC.

SET
NSET
See description.

MACRO block of partition results (the tree)Determines as arguments: See description.

Subprogram: PTLGR 
Called by: LCTRL 
Calls: — 
Follows: — 
Followed by: ----
Ehtered with arguments:

Subprogram: PTSCT
Called by: SCTRL (NSTOR)
Calls: --
Follows: --
Followed by: —
Ehtered with arguments: SECTS block
Determines as arguments: See description.

Description: Each time that SMRMN produces SET as a result 
of partitioning ATOM, this subprogram prints out SET and its 
complement in ATOM, NSET.

Subprogram: PTCLR
Called by: ALPHA (SCIRL)
Calls: --
Follows: SMRMN
Followed by: --
Entered with arguments:

Description: Each time that LGRMN produces SET as a result of 
partitioning ATOX, PTLGR prints out SET and its complement in 
ATOX, NSET.
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RfPRESE MT ATOM

1

MACRO BuOCX BEE.fI exceEDLD?
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(“) ©

ORDE.fR ) MV/OR.D

MROV7S Block -

subgraph «n macro becomes Atox 
SEL£CTE0 On Ft<RST LOOP )

1

i.e. , has ALL OF THRoRiCiNAL 

GR.APH GE.E.N THROUGH SGTftL ?

MACRO STORAGE Slock, Foulcx^ED

By ZERO V/OROS AS Ekjb -OF. ROUJ MAR.K.G.R.

OF ATOX in

CALCULATE NBlT( THE- 

ATOX : is MBIT

NO

/R%25C2%25A3.Su
ORDE.fR
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SCTRL

REDUCENTERS ColL-OX4 inGF ft.ON\ vilfH ARGUMENTS -.

Atoho - %. E V RES E. N T A Ti o \J NjoDCS.of ' u£G RaPHOf-

DATA RCSREScnTATIOM LINK.S Sv A GRaPHOF of

1
PREliMiNA0.T . Place. ATOMO hast

ATMS STORAGE, Followed ByPCS iTlC N

End- of - Aovj MARrCA

I
ATMS REPLACED ATOMvj OP.ON Cx-r

(. ATO m O LOOP )SELECTED Okj THE FIRST

I
i s at o m ZERO XNcAO ’

EnO -OF- Rcvj MAAkE-A. JINDICATES

PLACE. A 't. ERo NEXTVIORD
CALL SMRMN

PoSi TtorJSTO RAG C 1TPakt cnoM ATbMj,

subgraphH AS rsc G.u

OE-Co MPoSECi 1COM PlC-TClX

It FOvnC<SIMST TEST )ITS SlMrLJCES ? PathNOR M AU
Path if ATOM
COMPLETE G Rrt Ph NST3C;

ICALLMO

PTC l_&
Si MPL lntry : PTSCT

(prints ovt part-
STORE ATOM iTSSlF (Prints cvt CARDTit

ITION AE-SULTV
RLSluTS KA SEMEAAL

ATES I"Pk'NT -OuT J

PRint

STORE Partition KCSXJLTS
■pTour SuAST.thc Aeeoc.0

CSE.T ITS COhPl£M£ntAno
RChaRsS of CohFuLTL GKAM1S

ATOM ) ATMS Blocr PaRTiTh.n RtV-UZenoRtIN
SI MSTRESET FOUNC in this RovJ

CSSCTLHn ATme^CKI I J

LCTRL *♦ OmittCD CR.OM PROGRAMYE.ft.SlOM OF OPERAPONAL

Decemeer I) HUIAS OF

C5

PTLML (inDiC-

C nD“ OF - Ruvj

XTACTiTionS/'

f ActuOjxj to \

\ LCTRL /

£hK'l/\

/ Path if sore than o^t 
I PAf<T«T ‘ON OF ^ANE 

\“G>Ejt" strength

in AT MS Block.

is a

empty ? - A

ADO ATOM to

A Z£ro VJORD
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MAJOR. UNITS

FROM 

PR ELIM I NA RY

O PER.ATIONS,

HILLCLIMBING

rouuovl ING Fl G U HE.details IN

4 STRUCTURE.SIMILAR INARE

THIS TH LandINOnlV is

FiG vJR.ES .FOLLOM INS

C6

/GENERATE 
START OF 
\ path

PATH
COM PAR ISO NS

ENTRY

SCRTL
(lctrl)

RETURN To

SCTRL *■
LLCTRLj

SM RM N ILGRMN) *

SMRMN ano LGRMN

SMRMM Diagram meg
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/

*4

C7

* SMRMN and LGRMN are similar in structural details 
** In SMRMN only - not included in LGRMN

GENERATE
START OF 

PATH

Enter from SCTRL (LCTRL) with 
following arguments:

ATOM (ATOX) - nodes of the 
subgraph to be 
part i t ioned

DATA (DROWS) - links of 
original graph

LATIS - size of sample: 
number of separate 
paths to generate

SMRMN*: PRELIMINARY OPERATIONS

Set counter for size of sample 
-LATS1 (NDXX) - to LATIS, the desired value

1

1
Compute LUM

I
If TOTAL=NSQ1, 
then ATOM is a 
complete graph- 

./

Return to SCTRL 
via SIMPL

------ 1---------

Compute NBIT, the number of 
nodes in the subprogram (ATOM)

' I
I Initialize: OPNFO ■= 1.0 ~| r

Compute NSQ1, the maximum possible 
number of links in ATOM

I

Transfer data matrix, representing links of the 
original graph, to MATA (MROWS) and modify 
to correspond to ATOM (ATOX), the subgraph 

to be partitioned

1
Compute TOTAL, the number of links actually 

in the subgraph ATOM; ** compare with NSQ1

1
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PATHSMRmN : GENE.RATE ST A KT OF

tNTEfl. FROM f’R.E.LlIi iMARY OPERATIONS,

VIDEOS,Bia/aRy

t Hose.select IS Y TA KINGPARTITION

f?ANDM:NODES Of

PAT HTH iSFi ASTIS THETHIS

TSET EMPTY , WHOLE subgraph ?IS OR. THE

NOYES

H I LLCUIMBl NG

■PATH

Comparison

PRE PARATION GEN EKATiOAlFOR

POINT.OF NEVI STARTING

■4-

C8

ATOM (.ATOX) which

T3ET of

RETURN to SCTRL

C UGTR.L 1

OF THE mooes of the SuEgCLaPH

MATA CMROv/S): the links of the subgraph 

RAN0N1 , DlfT ■• AAGiTAAAY

With following As, ARGUMENTS :

ATOM CATOX ) ; THE REPRESENTATION

compote RR, NN, mN, Bott, a^o INFO for.

TSET; SET BLNFo equal, to (NJ FO

AN ARBITRARY

A K £. A L.S O t r\j
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C<) OUTL.IN EH ILLCLiMBING

C ENtE R. F R.O M

or A SANO I NITS VALUE

LOOPADO

1

hillclimb In

COMPARISON )C To PAT H

■* LG ft N) N STRUCTURAL details TOSIMILAR INIS

C9

ENO - OF- PATI

DECISION

SUBTRACT

LOOP

S M RM N* '■

START OF PATH V4ITH TSE.T

INFO in BENFO, AS ARGUMENTS.)
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ADO LoopSniK^N :

FoUcMinc,

fo^TSET I see note. X. )

Add loop :

ir

TSET

NOT

Yes

kr

increment XA.I

CIO

enter from Hillclimbing - 'Preliminary ou. from

TECiSION V4ITH Following ARGUMENTS:End of path 

ftlx, MN, MN 

KJSQ1 , luH 

INPo BENfO

----------------- f------------

(.subtract loop)

^ANFO R BENFO

haul ALL •Possible nodes ELEn tXiED Eop. addition) ?

-------------- ■— 1.................... .........................................................

COMPUTE AE, THE value of S.R. if

THE NODE CxAl) IS ADDED To TSS-T (noteB)

1

IOLaJTiC.au with

ATOM CATOX)

is ADDED ToTSCT

Hillclimbing - (w detail of

IS THE NODE iDEWTiF'EO by X£| 

6\ in ATOM) b) But not in TSET?

~T~

f Ahiro >

OF A

IF AMN =-O,tHE addition 

Single node maxes

SET REGISTER X (XE I )

THE NEW 'PAA.TiT'OM IS BETTER THAN 

TSL.T : form ATSET by ADDING NODE 

xc.1 To TSET •) STORE IN BE.TST;

SET BENFO = A NEO

Compute ANFO,thl value of INFO i? XRL

A.
Compare A.NFO vuth BCnJFO

” ' —T

Com AuTE AMNJ, the NCW ualul of MM 

if any Single node >s added totsct Cnoteej

I

IOLaJTiC.au
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S M K M M : H I LLCUirABl NG -C3) DE.TAIL. or SU67XAC.T LOOP

CADO LOO P )

from T5E.T

1
SE.T REGISTER 1 LXP,1}

is the. node.

EMPTY

NO

If

1

THE. NEVI ?aRtiTion IT BETTER Than TSET,

And

i

NO

INCRE-MLnt XA4.

Single. mode.

MAkEi TSE1T

______ I.. .
If SMN = O, THE.

KEMOMAL of a

J
LEND- or - -PATH OCCASION)

Cll

Compote, smfo ukth SenFO 
+.... ....

Hams All PosSiBLf, noOES BEEN TAiEO

Compote SMbl, the. n£w 

if any single, node is removed 
C Note 2.. )

!

COMPUTE. SR, 'HE value of RR IF THE Moot. (XRL ) 

<S REmouED f«oA| TSE.T (.NOTE. &)

in this subtract loop ? •

/ 

___

SN FO i 8E.NFO1

compute SNFo.the value of info 

X.C 1 IS RCMOVEb FROM TSE-T

Subtract loop :
Value. OF MlI

fsNFQ < BENFO^

better than any iMPKOVCHtJur oiscov- 

eaeo iu the AOD U2o? Form STSET ar 

Removing node XRl FRoM TSCTj sToAE in 

BE.TST, set BENFO - SNFO

identified BY XRl inTSE-T?
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PATH DECISIONH ILLCLlMBI NGSMRMN : - CH ) ENO OF

(subtract loop D

BEN FOcompare INFO VI ITH

N 012.

LOOPS

ADD A

is BETTER

TSLT :

THIS SETTER

Path comparisons

S ET

To

I
LOOP )CAOO

C12

LOOP ,

THAN

REPLACE TSE.T WITH

POUND a partition 

BETTER. THAN TS ET

coR.fl.ES ponding

BETST-

NEITHER ADD

SUBTRACT

PARTiTI ON ( AS 

STORES IN BETST.

INFO - BENFO,
THE VALUE of INFO

THE- NEVI PARTITION, 

Found in either 

or SUBTRACT

8E.NFO < INFO ) ( BENFO B IN FO

coR.fl.ES
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SMRMN : HILLCLIMBING - (5) NOTES

: nN nod ls

2. Computation of AMN and SMN:

node were sub-

3. Computation of AR and SR:

node were sub-e

of links between a node, not in TSET^ and all the

between a node, in TSET, and all the nodes

C13

Nor TSE.T: MM MODE.?,

VJHEXC 

MM - N BIT - NN

between a node, in TSET, and all the nodes 
in ATOM).

AR = the RR that would result if a(any) single node were added 
to TSET.

SR = the RR that would result if a(any) singl 
tracted from TSET.

PA = the no.
nodes in TSET.

QA = the no. of links between a node, not in TSET, and all the 
nodes not in TSET (but in ATOM).

PS = the no. of links
in TSET.

QS = the no. of 1i nks
not in TSET (but

AR = RR + QA - PA
SR = RR + PS - QS

AMN = the MN that would result if a(any) single node were added 
to TSET.

SMN = the MN that would result if a(any) single 
tracted from TSET.

MN = (MM) (NN) = (NN) (NBIT-NN)
AMN = (MM-1) (NN+1) = (MM) (NN)-NN+MM-1 = MN+NBIT-NN-NN+1
SMN = (MM+1)(NN-1) = (MM) (NN)+NN-MM-1 = MN-NBIT+NN+NN-1

RR = no. of links between TSET and nodes 
of graph not in TSET

NBIT = no. of nodes in ATOM
NN = no. of nodes in TSET
MM = no. of nodes in ATOM but not in

TSET MM = (NBIT-NN)
MN = product of NN and MM

ATOM: NB,T NODES
S £R LINK.S 

/ c

1. TSET is the starting point for this search cycle; TSET may have 
been generated by a previous search cycle, or may be the starting 
point of a search path, generated by GENERATE START OF PATH-.
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HlLLCL-lMSiHG -LUI Algorithm For Computing R.R.SMRMN :

RR CO N N 6.CTI nj G N! O DCSOF LINkSIS

TSE-TATONI VIHIC.H ARC. INNOTNOD ES OF

■TSET

ATON|

IN ITlA LliE.

1
FEco 1 IS THE node

TSE.T?

CMATA-XRI) is the RovioftHE matrix vi High shovis

by XRIVI HAT NODES THE ONE ISTo IDENTlF |g_b

linked ; Rfk is THE. No, NODESop

THOSE IN TSET ;Vl HIGH ARE

CAL TSET

Com

ANA ATOM
ARENODES vIHICHleaner only those

I N

NODE XRI ;

RACount ROD To

JT

NO RETURNYES

C14

increment X«i ex 1; hane all 

3u •Pot.s.ialc. nodes aeetj tasted ?

J hot;
TSET’

*. = o
XRL - 1

IN THIS Rc'VI I UC.SS

identified ex XR1 in

OF TSE.T vllTH

ANA MATA , 1

a) not in TSET, and 
0^ CONNLCTEB To 

these Ano

6 entry

Computes those nodes not >n TSE.T
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SMRMN: HILLCLIMBING - (7) ALTERNATIVE OUTLINE

(Enter from GENERATE START OF PATH)

(Return to GENERATE START-OF-PATH)

C15

Compare INFO with OPNFO; If and only If INFO 
is less than OPNFO, then the last TSET on 
this path Is better than the last TSET on 
the best previously-found path; therefore, 

INFO----------►OPNFO
TSET----------* SET

1
Repeat ADD LOOP until all possible 
additions of a single node have 

been tested 1

1 

SUBTRACT LOOP: Compute SNFO, value of 
INFO for each possible removal of a 
single node from TSET

1
Compare SNFO with BENFO:If and only 
if some node Is found for which SNFO 
is less than BENFO, then 

SNFO--- ► BENFO
STSET---► BETST---r ' —'

Repeat SUBTRACT LOOP until all possible removals 
of a single node have been tested

1 '
Compare ANFO with BENFO: If and only 
If some node is found for which ANFO 
is less than BENFO, then

ANFO------------► BENFO
ATSET---------- ► BETST

Compare BENFO with INFO:if and only
If BENFO is less than INFO, then
BETST------ ►TSET, BENFO-----►INFO
and the path through the lattice 

Is advanced

.......... ...... 1
Repeat complete cycle, until the best BENFO 
found in ADD and-SUB loops Is not less than 
INFO: then the end of the path has been reached

Initial I ze:

1.0 ------ -OPNFO
INFO is computed for TSET
INFO----- -BENFO____________

— X 1 1
ADD LOOP: compute ANFO, value of INFO 
for each possible addition of a single 
node to TSET
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SMRMN : PATH COMPARISON'S

ENO " OF - PATH TitClSlONENTER FROM Hillclimbing

augumonts :U ITH follow ing

TSE.T - "PATH EnDlocal, optimum part it on AT

TSE.TINFO GCRRES PONDINGMEASUREVALUE of

?ATH Endop

I. 0 UMTIL

INPO vnTH 0PNFOCOMPARE

i£
IN FO

PATH Dis Con BRED-PARTITION found onTHE LAST

BETTER, PARTITION THANthe path last completed NO

PRENiOOS PATH.IS ANY

v< itH

OF THE MEASUREva uje

corresponding to TSE.T.

i

is

PREPARE To generate

nevi start of PATH

generat e
start of PATH

C16

BETTER THAN ANY OTHER 

yet found. Replace SET

BEST Previous partition at

FiRst path completed)

Reduce sampling counter 

tNDXX, LAYS It BY 1.

■SAMPLING completed?

return to SCTF<L<.l-CTRl-)

O p N F O< OP N F OjINFO

that Partit ion TSET 

SET OPHPb: INFO'THE

OPNFO - VALUE 

(0PNF0 '
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INDIRECT ADDRESSING ACCESS TO MROWS

RWo 71

ii

OAT

R.vj oo 3
o o o o

Nvio^D

MlAOVlS

H-------  3 k Bits

row.

C17

RVIOO2. [ 
I 
r

DAT, length of MROWS and DROWS, is ORDER units of 
(NWORD + ]) words each unit

XR] , 
XR2,

X 
bj 
O 
Of 
0

Index register I indicates the row of matrix.
Index register 2 designates which word of that

(-TAG)

o
0
2

NVI0R.0

J

For example:
CLA* MATAX,1

•n 
a 
of 
o 
7

2irj o 7 3
Kv< 0 7?- 

o 7 I
X 
2

Rxu 0 0 3
Rvj Oo2.~ 

■2-1 MRqVJS 
oio oc o o

2.

with XR1 = 72, XR2 = 2
will clear and add Row 72 word 2:
the (*) ind icates ind i rect addressing and the 
tag of 2 in the MATAX block indicates
that XR2 is used to determine the second-level 
address.
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D. TYPICAL INPUT AND OUTPUT

In the following pages we present the input and output for

The first graph we made up for testing purposes;two graphs.

the second graph represents the structure of a particular pro-

(This graph is too complex to

draw, and so a picture of it is not included.)

The material is in the following sequence:

Graph A: Figure 29, Sketch of the graph and its tree
Figure 30, Input to the program

Figure 31, Output:

Output: the treeFigure 32,

Figure 33, Output: links of the symmetricised matrix,Graph B:

Figure 34, Output: the tree

Figure 35, Sketch of the tree

Several computer runs were made to analyse graph B, each run

Each run produced slightly differentusing a different RANEM.

partitions at the lowest levels of the tree.** Investigation of the

structures of the appropriate subgraphs indicated that this was due

to the presence of two or more partitions of equal strength. On

one run, the search procedure selected one such partition; on

another run a second partition was selected. The subprogram NTRSC

is designed to resolve the problem of several partitions of equal

strength; however, NTRSC was not available at the time the analysis

Therefore, this problem was resolved manually.was performed.

DI

links of the symmetricised 
matrix

blem, reported on elsewhere.*

♦Cf. Alexander and Manheim, THE DESIGN OF HIGHWAY INTERCHANGES.
♦♦Figure 34 is, of course, the result of only one run. There

fore, it differs from Figure 35 in the way described.



The procedure is illustrated in Figures 36 and 37. (All

these graphs are subgraphs of Graph B.) In Figure 36, note

(73-79) and (72-81),that if two additional links were added,
this subgraph would be a complete graph. As it stands now,

partitions I-I and II-II are of equal strength, the only non-

arbitrary procedure is to take the intersection of the several

equal partitions, as illustrated.

In Figure 37, note how the presence of equal-strength parti

tions can affect several levels of the tree.

D2



F igure 29.

GRAPH A: THt GRAPH AND> ITS tree

43
a) GRAPH A:

42

ST

5%54
24 2823 296| 50 25

224o ‘30

21 24.

b) ITS TREE- ;

2i - 3o, 41-45, 56-4.1

21 - 25, 24—30 1-45,54-

2.1 - 25 26-3o

<1

D3

Nfc45 
41



FIGURE 30, GRAPH A; INPUT TO THE PROGRAM
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GRAPH A?FIGURE 31, OUTPUT - THE LINKS OF THE SYMMETRICISED MATRIX
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FIGURE 3 2, GRAPH A’. OUTPUT - THE TREE
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FIGURE GRAPH MATRIX33, B : OUTPUT - LINKS OF THE SYMMETRICISED
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FIGURE 33- 2
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FIGURE 34, GRAPH B OUTPUT - THE TREE
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FIGURE 34 2
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FIGURE 35, GRAPH B'. THE TREE
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I

E. THE INFORMATION THEORETIC CRITERION

The decomposition of a set of n vertices (NBIT = n) is based

on the following assumptions:

(1) Each vertex has associated with it a stochastic binary vari-

small correlation between the two variables x^ and

ing to those vertices:

J

4

total number of links in the graph.

(3) All three-variable correlations are assumed to be zero.

n = NBIT variables.*

To measure the information transfer across a partition be

tween a subset of M vertices and a subset of N vertices (M + N =

of NBIT vertices, and subtract from the sum of the two average

informations carried by the system of M vertices and the system

This measure of the redundancy between the twoof N vertices.

♦Alexander, NOTES, Appendix 2.

El

It can be shown that these three conditions uniquely define a 

probability distribution over the :n states of the system of

able, with p(x^_ = 0) = p(x^ = 1)

(2) A link between two vertices of the graph indicates a fixed

eij =

=1] - [ptx^l, Xj=O) pCx^O.x^l)] 

T

then e^j

0 for all other pairs i,j, and (e)(T0TAL)< 1, where TOTAL is the

n = NBIT), we take the average information carried by the system

p (11) - p(10) p (01)] ,

= e for all i,j for which a link in the graph exists and

Xj correspond- 

that is, if the correlation is e^,

[p(x± = 0, Xj=0) p(xi=l, Xj

[p(*i = 0) p (x^ = 1) p(xj = 0) p(Xj = 1)]

= f, i = 1,2,...n.



In decompos
ing the set of vertices, we wish to find a partition for which
this redundancy is minimal.

As the measure stands, however, it is biased toward strongly
assymmetrical partitions, in which the product MN is small - e.g.,
where M is small and N large. We normalize the measure by sub-

of its variance.

STR =

NSQ1 is the maximum possible number of links (the total number of

its sign, giving

INFO =

INFO is the measure used in the algorithms of SMRMN and LGRMN, in

the version of HIDECS-2 operational in December, 1961. That parti

tion of a set of vertices is best for which the value of INFO is

minimal.

E2

(MN)
T

subsets of variables can be shown to be (RR)e, 
2

of (RR), the number of links between the two subsets.

tracting the expected value of RR and dividing by the square root 
The normalized redundancy is

|(MN)(NSQ1 - MN)]

where TOTAL is again the total number of links in the graph, and

L®- 1
• MN (NSQ1 -MN)

distinct unordered vertex pairs) - i.e., NSQ1 = (NBIT)(NBIT -1) .
2

To simplify computation, we square this function but preserve

a constant multiple



THE MAXIMUM NUMBER OF SUBGRAPHS OF A GRAPH OF GIVEN ORDERF.

Assume first that each successive partition divides the appro

priate subgraph into two and only two partitions. This assumption

will be shown below to be conservative. ■;

be the number of elements (the original graph and

script m indicates that there are m nodes in the original graph.

If the original graph is decomposed into segments of x nodes and

y nodes (x + y = m), then the number of elements in the subtree

at the head of which is the x-nodes graph, is Nx, and the other

The number of elements inelements.

This recurrence rela

tionship requires that Nn = 2n - 1, which holds for n = 1,2,3,

for example, and therefore by the recurrence relationship must

hold for any n:

+1 = (2x - 1) + (2y - 1) + 1 = 2(x + y)-l = 2m - 1+ N.

conservative, because if it has more than two, say three, then

the corresponding subtrees can be moved up into the tree, re-

Cf. Figure 38, Trees andquiring correspondingly fewer elements.

subtrees.

Fl

I

r 
I

subtree, headed by y, has N_ < 
J

the total tree is therefore N_ DI

Let Nm
each of its respective subgraphs) in the tree, where the sub-

= Nx

= N . ..x y
The assumption that each partition has only two subgraphs is

1
■ w

+ N +1, where the one is y 
added to account for the original graph.



Figure 38

TREES AND SUBTREES

<3) TVJO - V/AY PART ITI OMS
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ROAD PATH UNRELATED TO
BUILDINGS AND DISTANT OBJECTS

94 TOO MANY DEEP CUTS

!

F

I

<

19. NO COOR Din A T iOn (SimuL T AN E OUS
OP SEQUENTIAL) OF HORIZONTAL 
ANO VERTICAL MOVEMENTS

46- LOCATION AND ARRANGEMENT 
OF INTERSECTION DISTURBS 
LINEAR CONTINUITY OF INTER 

SECTING HIGHWAYS

25. movement Paths are counter 
INTUITIVE (BECAUSE THEY ARE 
NOT ORIENTED TOWARDS TH(iR 
ULTIMATE DESTINATIONS AHO 
ARE MISLEADING IN THEIR 
FUNCTION AS SIGNALS)

PATH OF ROAD 
AHEAD OF vEHI 
HOLD DRIVER’S

If

16. ROAD PATH UNRELATED TO 
THE TOPOGRAPHY

BRIDGE STRUCTURE! DISTURB
LINEAR CONTINUITY OF THE 
ROADWAYS

loo. rate of change of super 
ELEVATION TOO GREAT CAUSES 
OSCILLATION DERIVATIVE*









G. LISTINGS OF SUBPROGRAMS

INPAR1.

GENER2O

SETS, SET9, SETH *3
INDAT

5. CNDAT
SYMET '6.
FT MAT7o

8. LCTRL
9. LGRMN

10 o REDUC
11.
12 . SMRMN -jHf-s-
13. NTRSC **
lh. COUNT,CNVRT

15. PRTIN, PTLVL, FTOUT

16. FTLGR

17. FTCLR

18. PTSCT **

concerned with NTRSC and related functions-,

HIDECS 2A here, is slightly

* SET8 is physically located in LCTRL, SET9 in LGRMN, and SETH 
in REDUC.

ho

mcae suupx'UKX’curiss, uuiiucxucu
have not been incorporated into the version of HIDECS ? operational 
in December, 1961.

** These subprograms

SCTRL, SIMPL, ALPHA#*, NSTOR**

#** The listing for SMRMN, designated as HIDECS 2A here, is slightly 
different from that described in the text and shown in the figures-, 
due to discovery of a program error as this manuscript was going to the 
printer.

vrJL
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